Complementarity of Stacking and Multiplet Constraints on the Blazar
  Contribution to the Cumulative High-Energy Neutrino Intensity by Yuan, Chengchao et al.
Draft version December 30, 2019
Preprint typeset using LATEX style emulateapj v. 01/23/15
COMPLEMENTARITY OF STACKING AND MULTIPLET CONSTRAINTS ON THE BLAZAR
CONTRIBUTION TO THE CUMULATIVE HIGH-ENERGY NEUTRINO INTENSITY
Chengchao Yuan1, Kohta Murase1,2, and Peter Me´sza´ros1
Draft version December 30, 2019
ABSTRACT
We investigate the blazar contribution to the cumulative neutrino intensity assuming a generic
relationship between neutrino and gamma-ray luminosities, Lν ∝ (Lph)γlw . Using the gamma-ray
luminosity functions for blazars including flat spectrum radio quasars (FSRQs) and BL Lac objects,
as well as the Fermi-LAT detection efficiency, we estimate contributions from blazars resolved by
Fermi-LAT as well as the unresolved counterpart. Combining the existing upper limits from stacking
analyses, the cumulative neutrino flux from all blazars (including Fermi-LAT resolved and unresolved
ones) are constrained in the range 0 ∼< γlw ∼< 2.5. We also evaluate the effects of the redshift evolution
and the effective local number densities for each class of FSRQs, BL Lacs, and all blazars, by which
we place another type of constraints on the blazar contribution using the non-detection of high-
energy neutrino multiplets. We demonstrate that these two upper limits are complementary, and that
the joint consideration of the stacking and multiplet analyses not only supports the argument that
blazars are disfavored as the dominant sources of the 100-TeV neutrino background, but it extends
this argument by including also Fermi-LAT-unresolved blazars as well, for a more generic luminosity
correlation Lν ∝ (Lph)γlw .
Subject headings: galaxies: active – neutrinos
1. INTRODUCTION
Since the initial detection of high-energy astrophysical
neutrinos by the IceCube Neutrino Observatory (Aartsen
et al. 2013a,b), a cumulative flux of astrophysical neutri-
nos in the energy range from ∼ 10 TeV to several PeV
has been unveiled and measured to a higher precision
(Aartsen et al. 2014a, 2015a, 2016). The isotropic distri-
bution of the cumulative flux as well as the background-
only results from recent searches for point-like sources
and multi-messenger analyses support an extragalactic
origin of these neutrinos (Ahlers & Murase 2014; Aart-
sen et al. 2014b, 2015b). Up to now, however, the main
origin of the cumulative neutrinos still remains unknown.
The flavor ratio measured at Earth, (νe : νµ : ντ ) ≈
(1 : 1 : 1), is consistent with the prediction from the
long-distance oscillations of neutrinos produced through
pion decays (Aartsen et al. 2015c), which provides one
common framework for the astrophysical models dedi-
cated to explain the cumulative neutrino flux. Many
candidates have been proposed and studied (see Ahlers
& Halzen 2015; Me´sza´ros 2017, for review). Among
these candidates, blazars, which are known as a subclass
of AGNs with a relativistic jet pointing nearly towards
the Earth (Blandford & Rees 1978; Urry & Padovani
1995), have been frequently considered as promising
ultra-high-energy cosmic-ray (CR) accelerators and high-
energy neutrino emitters (e.g., Mu¨cke & Protheroe 2001;
Padovani et al. 2015; Murase 2017; Resconi et al. 2017).
Recently, the IceCube collaboration announced the spa-
tial and temporal coincidence between a muon track neu-
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trino event IceCube170922A and a blazar TXS 0506+056
(IceCube Collaboration et al. 2018a) at the significance
∼ 3σ. Intuitively, if this association is physical, the inti-
mate link between this IceCube neutrino event and the
blazar may favor blazars as the main sources of the cu-
mulative neutrino flux, but this is not the case (Murase
et al. 2018).
The maximum likelihood stacking searches for cumu-
lative neutrino flux from the second Fermi-LAT AGN
catalog (2LAC) as well as the point-source searches us-
ing the IceCube muon track events and blazars in Fermi-
LAT 3LAC have independently shown that Fermi-LAT-
resolved blazars only contribute a small portion of the
IceCube cumulative neutrino flux (Aartsen et al. 2017a;
Pinat & Sa´nchez 2017; Hooper et al. 2018) and the
hadronic models of blazar activity are strongly con-
strained (Neronov et al. 2017), if the specific correla-
tion Lν ∝ Lph is assumed as a prior. Palladino et al.
(2019) evaluated the contribution of unresolved sources,
and showed that the blazar contribution to the cumula-
tive neutrino flux is constrained unless one makes an ad
hoc assumption that lower-luminosity blazars entrain a
larger amount of CRs.
Here we argue that, in addition to the stacking anal-
ysis, the absence of clustering in high-energy neutrino
events, i.e., neutrino multiplets and auto-correleation,
can also provide relevant constraints on various classes
of proposed sources as the dominant origin of the cu-
mulative neutrino flux (Murase & Waxman 2016; Ahlers
& Halzen 2014; Aartsen et al. 2014b; Feyereisen et al.
2017; Glauch et al. 2017; Dekker & Ando 2019). The
constraints are sensitive to the redshift evolution of the
sources, which are especially powerful for weakly or non-
evolving sources such as BL Lac objects (Murase & Wax-
man 2016; Murase et al. 2018). But the limits are weaker
for rapidly evolving sources such as FSRQs, which could
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significantly alleviate the constraints, as remarked by
Murase et al. (2018). Neronov & Semikoz (2018) stud-
ied the constraints on evolving blazar populations and
confirmed that fast evolving sources (e.g., ξz = 5.0) may
indeed relax the neutrino multiplet limits.
In this work, we consider the “joint” implications of
these independent analyses for the global blazar popula-
tion and extend the constraints to a common case where
a generic relationship between neutrino and gamma-ray
luminosities, e.g., Lν ∝ (Lph)γlw , is presumed, which is
more general than what has been previously considered
in such analyses. Physically, the correlation between Lν
and Lph is determined by the interactions between parti-
cles and radiation fields inside the sources. Most of phys-
ically reasonable models developed on the basis of pho-
tohadronic (e.g., pγ) interactions predict Lν ∝ (Lph)γlw
with indices of 1.0 ∼< γlw ∼< 2.0 (e.g., Murase et al.
2014; Dermer et al. 2014; Tavecchio & Ghisellini 2015;
Petropoulou et al. 2015; Padovani et al. 2015; Murase
& Waxman 2016; Righi et al. 2017; Murase et al. 2018;
Rodrigues et al. 2018). The index γlw characterizes the
source models and may deviate from this fiducial range
for models with increasing complexity. Motivated by
this, we treat γlw as a free parameter and attempt to re-
veal the γlw-dependence of the upper limits on all-blazar
contributions. In addition, a new feature of our analysis
is that we also consider the effect of Fermi-unresolved
blazars. One caveat is that, in this study, we assume
all sources are equal and emit steadily with a single
power-law spectrum. Prior to the the IceCube-170922A
alert, IceCube collaboration has found a neutrino excess
from the direction of TXS 0506+056 during a 158-day
time window in 2014-2015 (IceCube Collaboration et al.
2018b), which reveals the the transient nature of the
neutrino emission. We need to keep in mind that the
multiplet limits are stronger for flaring sources (Murase
et al. 2018). The stacking limits are also applicable to
time-averaged emission of the flaring sources, as long as
the scaling between neutrino and gamma-ray luminosi-
ties hold (Murase et al. 2018).
In the first part (§2), we calculate the ratio of neutrino
fluxes from Fermi-LAT-resolved blazars and all blazars
(including both resolved and unresolved contributions).
Combining this ratio with the existing constraints on
Fermi-LAT-resolved blazars, we estimate the upper lim-
its for all-blazar contributions. The multiplet constraints
are given in the second part (§3) where we also derive
the effective number densities neff0 (γlw) and the redshift
evolution factor ξz(γlw) for blazars and the subclasses,
FSRQs and BL Lacs. In either case, we use the blazar
gamma-ray luminosity functions provided by Ajello et al.
(2015, 2012, 2014) to reconstruct the neutrino luminosity
density. In §4 we conclude with a discussion.
2. IMPLICATIONS OF STACKING LIMITS
Given the differential density of blazars as a function
of rest-frame 100 MeV-100 GeV luminosity Lph, redshift
z and photon index Γ defined by the gamma-ray flux
F ∝ ε−Γph ,
d3Nbl
dLphdzdΓ
= φbl(Lph, z)
dPbl
dΓ
dV
dz
, (1)
where the subscript “bl” represents blazars considered
in the calculation, φbl(Lph,Γ) = d
2Nbl/dLphdV is the
luminosity function and dPbl/dΓ is the probability dis-
tribution of spectral index Γ, we can directly write down
the (differential) luminosity density of neutrinos from
Fermi-LAT-resolved blazars at redshift z,
ενQ
(bl,R)
εν (z, γlw) =
∫ Lph,max
Lph,th
∫ Γmax
Γmin
C−1φbl(Lph, z)Lν(Lph)
× dPbl
dΓ
dΓdLph
(2)
where Lν ∝ (Lph)γlw is the neutrino luminosity, Lph,max
is a fixed upper limit of blazar luminosity and the lower
limit Lph,th(Lph, z,Γ) is determined by the Fermi LAT
threshold flux F100,th in the energy range of 100 MeV –
100 GeV. In this equation, C is the normalization coeffi-
cient determined by εCR,max and εCR,min, the maximum
and minimum energy that CRs in blazars can achieve.
Since we aim to estimate the neutrino flux from a general
luminosity relationship, Lν ∝ (Lph)γlw , and the physics
may be unknown for a general γlw, we do not try to pro-
vide the details of the gamma-ray and neutrino radiation
processes. In this work, we assume that the maximum
CR energy is the same for all blazars, as is the normal-
ization factor once the spectral index s of the IceCube
neutrino flux is specified.
Here, we present one method to rewrite the integrals
in equation 2 by incorporating the Fermi-LAT detection
efficiency. For a blazar at redshift z with the luminosity
Lph ∝
∫ εmax
εmin
F (ε)εdε, where εmax = 100(1 + z) GeV and
εmin = 100(1 + z) MeV, and the photon index Γ, the
integrated photon flux at earth can be written as
F100(Lph, z,Γ) =
∫ εmax
εmin
F (ε)dε
=
Lph
4pid2L(z)
×

ln
(
εmax
εmin
)
1
εmax−εmin Γ = 1
εmax−εmin
εmaxεmin ln
(
εmax
εmin
) Γ = 2
2−Γ
1−Γ
ε1−Γmax−ε1−Γmin
ε2−Γmax−ε2−Γmin
Γ 6= 1, 2,
(3)
where dL is the luminosity distance between the blazar
and the detector. Then the lower limit of the in-
tegral in equation 2 can be obtained by requiring
F100(Lph,th, z,Γ) = F100,th. Alternatively, thanks to
the Fermi-LAT detection efficiency (F100) provided by
Abdo et al. (2010), we can simplify equation 2 by using
the equivalent detection efficiency (Lph, z,Γ) = (F100),
ενQ
(bl,R)
εν (z, γlw) =
∫ Lph,max
Lph,min
∫ Γmax
Γmin
C−1φbl(Lph, z)Lν(Lph)
× (Lph, z,Γ)dPbl
dΓ
dΓdLph,
(4)
where the lower limit Lph,min reduces to a constant and
represents the minimal luminosity of blazars that are
considered in this work. To eliminate the instrumental
selection effect produced by the low detection efficiency
for dimmer blazars and to take all blazars into account,
we replace the Lph,th in equation 2 by Lph,min, which
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yields the neutrino luminosity density from all blazars
ενQ
(bl,all)
εν (z, γlw), which can be written explicitly as
ενQ
(bl,all)
εν (z, γlw) =
∫ Lph,max
Lph,min
∫ Γmax
Γmin
C−1φbl(Lph, z)Lν(Lph)
× dPbl
dΓ
dΓdLph.
(5)
Meanwhile, using the LFs for luminosity-dependent den-
sity evolution (LDDE) models and parameters provided
by Ajello et al. (2012, 2014), we successfully reproduced
the redshift evolution of FSRQ and BL Lac luminosity
densities illustrated in the Figure 6 of Ajello et al. (2014).
At this stage, during the integration of Lph, we set the
maximum and minimum luminosities to be 1050 erg s−1
and 1040 erg s−1, respectively. We also found that the re-
sults are consistent with the uncertainties in Ajello et al.
(2014) when the limits of the integration were varied by
one or two orders of magnitude. Another thing that we
need to keep in mind is that we assume the Fermi-LAT-
unresolved blazars share the identical LFs with the re-
solved ones. Ackermann et al. (2015) pointed that the in-
dex distributions for different blazar classes both for the
detected ones and undetected ones are slightly different:
the photon spectra of newly-detected FSRQs are slightly
softer than the 2LAC ones (∆Γ < 0.1) while in contrast
there is no significant spectral difference between the two
sets of BL Lacs. For the completeness, we also consider
a deviation, e.g., 0.2, of the photon spectral index from
the best-fit values provided by Ajello et al. (2015, 2012,
2014). Such a test reveals that the resulting F(γlw) re-
mains almost unchanged under a slight derivation of Γ.
Assuming the neutrino spectra from all blazars have
the similar power-law form, e.g., ε2νΦεν ∝ ενQ(bl,R/all)εν ∝
ε2−sν , and using the comoving neutrino luminosities
ενQ
(bl,all)
εν (z, γlw) and ενQ
(bl,R)
εν (z, γlw), the all-flavor neu-
trino fluxes from Fermi-LAT-resolved and all blazars at
earth are expected to be
E2νΦ
(bl,R/all)
Eν
(γlw) =
c
4pi
∫
dz
ενQ
(bl,R/all)
εν (z, γlw)
(1 + z)
∣∣∣∣ dtdz
∣∣∣∣ ,
(6)
where εν = (1 + z)Eν . Hence, we can write down the
fraction of Fermi-LAT-resolved blazars to the cumula-
tive neutrino flux in a simple way that depends only on
γlw,
F(γlw) =
E2νΦ
(bl,R)
Eν
(γlw)
E2νΦ
(bl,all)
Eν
(γlw)
. (7)
Ajello et al. (2015) presented the best-fit parameters in
the blazar luminosity functions φbl, which enables us to
compute F(γlw). Since the redshift correction to the
energies leads to one extra term (1 + z)2−s to the in-
tegrand in equation 6 and another factor (1 + z)−1 to
the integrated flux in equation 3, we conclude that, as
a consequence, low-redshift blazars become more impor-
tant when s = 2.5, in comparison with the s = 2 case.
Therefore, considering nearby blazars are easier to be
detected, a steeper neutrino spectrum predicts a larger
F(γlw), which is confirmed by the thin lines in Figure
1. Moreover, noting that the selection of the minimum
and maximum luminosities, e.g., Lph,min and Lph,max of
a blazar is arbitrary, we tested the reliability of F(γlw)
by varying the integral limits and found that the re-
sults are not sensitive to Lph,max and F(γlw) does not
change dramatically in the range γlw ∼< 1.0 as Lph,min
increases from 1041 erg s−1 to 1043 erg s−1, as shown
in Figure 1. Intuitively, a lower Lph,min implies that
more low-luminosity blazars in the sample are less likely
to be detected. Also, for a weaker luminosity depen-
dance (γlw ∼< 1.0), the low-luminosity blazars dominate
the luminosity density due to the large population. The
combined effect is that F(γlw) decreases in the range
γlw ∼< 1.0. Remarkably, from Figure 1, we can conclude
that the contribution from Fermi-LAT-resolved blazars
is nearly the same as the neutrino flux from all blazars
when γlw is larger than 1.0. The reason is that, assum-
ing a stronger luminosity dependance ( on other words,
a higher γlw), the brighter blazars become increasingly
important. These high-luminosity blazars have a higher
chance to be detected and in this case the neutrinos lu-
minosity densities from Fermi-LAT-resolved blazars and
all blazars are comparable.
To compute the upper limit of cumulative neutrino
flux from all blazars, we use the existing constraints,
E2νΦ
(2LAC,stacking)
Eν
and E2νΦ
(3LAC,stacking)
Eν
, from blazar
stacking analyses and point-source searches (Aartsen
et al. 2017a; Hooper et al. 2018), which are based on
Fermi-LAT 2LAC and 3LAC blazars. Combining these
existing limits with the fraction of the neutrino flux from
Fermi-LAT-resolved blazars, we estimate the upper lim-
its of all-blazar contributions from Fermi-LAT 2LAC
and 3LAC analysis,
E2νΦ
(2LAC/3LAC)
Eν
=
E2νΦ
(2LAC/3LAC,stacking)
Eν
F(γlw) . (8)
The stacking results themselves have some model de-
pendence. Here, to obtain conservative limits, we
adopt the results based on the equal flux weighting for
E2νΦ
(2LAC/3LAC,stacking)
Eν
. In general this gives conserva-
tive limits, and the luminosity weighting improves the
constraints. We will see that, even in this most con-
servative case, the combined constraints of stacking and
multiplet analysis are stringent.
Figure 2 illustrates the upper limits for the all-blazar
neutrino flux from Fermi-LAT 2LAC and Fermi-LAT
3LAC analysis. We show all-flavor neutrino fluxes for all
curves and data points in this figure. In the left panel,
we assume s = 2 for the neutrino spectrum. In this
case, the stacking analysis of Fermi-LAT-2LAC blazars
gives 1.2 × 10−8 ∼< E2νΦ
(2LAC,stacking)
Eν ∼< 1.6 × 10−8 (in
the unit of GeV cm−2 s−1 sr−1, hereafter). The cor-
responding upper limits for all blazars calculated using
equation 8 are illustrated as the magenta area. The
green area in the left panel shows the constraints de-
rived from Fermi−LAT 3LAC analysis which predicts
8.0 × 10−9 ∼< E2νΦ
(3LAC,stacking)
Eν ∼< 1.4 × 10−8. For the
illustration purpose, we include the IceCube all-flavor
neutrino flux 4.8 × 10−8 ∼< E2νΦ
(IC)
Eν ∼< 8.4 × 10−8 in
Figure 2 (the cyan area). To avoid underestimating
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Fig. 1.— The fraction of Fermi-LAT-resolved blazars in the
cumulative neutrino flux, F(γlw). The thick and thin lines are
calculated for the neutrino spectral indices s = 2.0 and s = 2.5.
The blue dashed, black solid and red dash-dotted lines correspond
to the minimum luminosities Lph,min = 10
41 erg s−1, 1042 erg s−1
and 1043 erg s−1, respectively. The upper limit is fixed to be
Lph,max = 10
50 erg s−1.
the upper limits due to the uncertainties of the exist-
ing results, we introduced a 50% uncertainty to the con-
straints derived from stacking analysis, which broadens
the areas in the left panel of figure 2. The right panel
shows the energy-dependent upper limits for an ε−2.5ν
neutrino spectrum. The solid lines are obtained by as-
suming γlw = 1.0 whereas the dashed lines correspond
to the case γlw = 2.0. The upper limits from Fermi-
LAT 2LAC and 3LAC analysis are illustrated as ma-
genta lines and green lines, respectively. In this figure,
we showed also the all-flavor neutrinos flux (red points;
Aartsen et al. 2015a, 2016), the 6-year high-energy start-
ing events (cyan points; Aartsen et al. 2017c) and the
the best fit to the upcoming muon neutrinos scaled to
three-flavor case (yellow area). The previous discussion
reveals that F(γlw) may depend on Lph,min moderately,
when γlw is smaller than 1.0. We will further demon-
strate in §3 that, in the range of γlw ∼< 1.0, the neutrino
multiplet constraints are more stringent than the upper
limits derived from the stacking analyses, which mani-
fests its complementarity in constraining the cumulative
neutrino flux from all blazars over a wide range of γlw.
3. IMPLICATIONS OF HIGH-ENERGY NEUTRINO
MULTIPLET LIMITS
Here, we present another type of constraints on the
origins of IceCube diffuse neutrinos, using the negative
results from the clustering test of neutrino-induced muon
track events. These high-energy track events are gen-
erally detected by IceCube with the angular resolution
∼ 0.5 deg, which enables us to determine the incoming
directions and perform clustering analysis on their time
and spatial distributions. So far, all the clustering tests
based on high-energy muon neutrinos have found no sta-
tistically significant evidence of clustering in the arrival
distribution of neutrinos (Aartsen et al. 2014a; Aartsen
et al. 2015d, 2017d, 2019b).
In this section, we investigate the implications of the
non-detection of neutrino multiplet sources, and consider
the limits on blazar contributions to the cumulative neu-
trino background. To achieve this goal, we follow Murase
& Waxman (2016) and write down the limits on the
effective source densities. The formalism presented by
Murase & Waxman (2016) is applicable to blazars with
a general luminosity weighting Lν ∝ (Lph)γlw since the
functions Lν(dNbl/dLph) ∝ (Lph)γlw+1φbl are sharply
peaked around some effective luminosities Leffph, which
demonstrates that the effective source densities and the
neutrino luminosity densities are well defined and con-
strained. Below, we define these crucial quantities and
derive the neutrino multiplet constraints for our blazar
case.
Assuming the number of sources that produce more
than k−1 multiplet events is Nm≥k, the constraint from
the non-detection of m ≥ k multiplet events can be ob-
tained by requiring Nm≥k ≤ 1. Murase & Waxman
(2016) studied the implications to the neutrino sources
using the absence of “high-energy” multiplet neutrino
sources, and calculated the upper limit on the local
source number density for an ε−2ν neutrino spectrum,
neff0 ∼< 1.9× 10−10 Mpc−3
(
ενL
ave
εν
1044 erg s−1
)−3/2(
bmqL
6.6
)−1
×
(
Flim
10−9.2 GeV cm−2 s−1
)3/2(
2pi
∆Ω
)
,
(9)
where ενL
ave
εν is the time-averaged neutrino luminosity
of the source, Flim ∼ (5 − 6) × 10−10 GeV cm−2 s−1 is
the 8-year IceCube point-source sensitivity at the 90%
confidence level (Aartsen et al. 2017b), qL ∼ 1−3 denotes
a luminosity-dependent correction factor, ∆Ω represents
the sky coverage of the detector and the details of m ≥ k
neutrino multiplet constraints are encoded in the factor
bm. Murase & Waxman (2016) find bm ' 6.6 for m ≥ 2
multiplets and bm ' 1.6 for triplets or higher multiplets
(e.g., m ≥ 3). Note that the point-source sensitivity
enters the above expression but the numerical results are
obtained by calculating the number of tracks using the
muon effective area (Murase & Waxman 2016).
The purpose of this work is to explore the implications
for blazar models using existing equations from previous
work without making new analyses on multiplet sources.
We simply use the results of the previous analysis by
Murase & Waxman (2016), which gives the upper limit
on the effective number density, neff0 (ενL
ave
εν ). Moreover,
another reason that we choose this approach is that these
results are also consistent with the latest limits on tran-
sient sources (after the number density is converted into
the rate density, e.g., Aartsen et al. 2019a) 3
3 The limit on the rate density of neutrino tran-
sients accounting for the diffuse flux is ρeff0 ∼> 1.7 ×
104 Gpc−3 yr−1 (bmqL/6.6)2(∆Ω/2pi)2(Tobs/8 yr)2(ξz/0.7)−3φ−3lim,−1
max[Nfl, 1], where Nfl ≈ fflTobs/tdur ≈ Tobs/∆Tfl is the number of
flaring periods and ∆Tfl is the typical flare interval (Murase et al.
2018). For ∆Tfl ∼< Tobs, the density and diffuse limits become
similar to those for steady sources. Substituting the time-averaged
sensitivity gives conservative results because of Flim > φlim/Tobs.
For ∆Tfl ∼> Tobs, we expect ρeff0 Tobs ≈ neff0 (Tobs/∆Tfl). Because
of neff0 (Tobs/∆Tfl) ∼< neff0 , the limits for steady sources can be
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Fig. 2.— All curves and data points in this figure illustrate all-flavor neutrino fluxes. Left panel: Stacking constraints on the contributions
of all blazars to the cumulative neutrino flux (Lph,min = 10
42 erg s−1 is used) and high-energy neutrino multiplet constraints on the blazar
contributions in the neutrino sky for an ε−2ν neutrino spectrum. The magenta and green areas correspond to the all-blazar upper limit from
Fermi-LAT-2LAC and Fermi−3LAC equal weighting analysis, respectively. The cyan horizontal area shows the cumulative neutrino flux
detected by IceCube. The blue dashed, red dash-dotted and thick black lines illustrate the m ≥ 2 multiplet constraints for FSRQs, BL
Lacs and all blazars whereas the corresponding areas show the uncertainties. The thin black line is the m ≥ 3 multiplet constraint for all
blazars. Right panel: the energy-dependent upper limits from the stacking analysis for the all-blazar contributions, assuming a neutrino
spectral index s = 2.5.
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Fig. 3.— The redshift evolution factor ξz for FSRQs (blue area),
BL Lacs (red area) and all blazars (black area). The solid and
dashed boundaries correspond to different schemes of Lph,min and
Lph,max.
One can write the limit on the cumulative neutrino flux
from the sources as a function of neff0 and the redshift
evolution factor ξz (Murase et al. 2018):
E2νΦ
(m)
Eν
≈ 3ξzctH
4pi
neff0 (ενL
ave
εν )
∼< 6.9× 10−9 GeVcm−2s−1sr−1
(
∆Ω
2pi
)2/3(
ξz
0.7
)
×
(
bmqL
6.6
)−2/3(
neff0
10−7 Mpc−3
)1/3
×
(
Flim
10−9.2 GeV cm−2 s−1
)
, (10)
regarded as conservative.
where tH is the Hubble time. In this expression, ξz rep-
resents the redshift weighting of the neutrino luminosity
of the sources and can be evaluated through (Waxman
& Bahcall 1998)
ξz(γlw) =
∫
dz(1 + z)−1
∣∣ dt
dz
∣∣ f(z, γlw)∫
dz
∣∣ dt
dz
∣∣ , (11)
where f(z, γlw) is the redshift evolution function of
the neutrino luminosity density normalized to unity
at z = 0 for the luminosity correlation Lν ∝
(Lph)
γlw , e.g., for blazars we have f (bl)(z, γlw) =
[ενQ
(bl,all)
εν (z, γlw)]/[ενQ
(bl,all)
εν (0, γlw)]. Similarly, we can
also calculate the ξz for the blazar subclasses, FSRQs
and BL Lacs using the luminosity functions from Ajello
et al. (2012, 2014). The black, blue and red areas in
Figure 3 illustrate the redshift evolution factor ξz(γlw)
for all blazars, FSRQs and BL Lacs, respectively. When
γlw = 1, we find ξz ∼ 7 − 8 for the gamma-ray lumi-
nosity density evolution of FSRQs and ξz ∼ 0.6 − 0.7
for that of BL Lacs, which are consistent with the val-
ues found by Murase et al. (2014) and Murase & Wax-
man (2016). The solid and dashed boundaries in Fig-
ure 3 correspond to the sample schemes, (Lph,min =
1042 erg s−1, Lph,max = 1050 erg s−1) and (Lph,min =
1040 erg s−1, Lph,max = 1052 erg s−1), respectively. If
γlw is lower than 1.0, low-luminosity sources at lower
redshift contribute a significant component to the total
neutrino luminosity density, therefore, a smaller Lph,min
results in a smaller ξz. On the contrary, a strong lumi-
nosity correlation with γlw ∼> 1.5 boosts the contribu-
tion from high-redshift bright blazars, which leads to a
larger f(z, γlw) at higher redshift and as a result makes
ξz larger, as Lph,max increases.
Besides the factor ξz, it is also necessary to calculate
the effective local number density neff0 , which character-
izes the the number density of sources that dominate the
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Fig. 4.— Left panel: The effective gamma-ray luminosity for FSRQs (blue dashed line), BL Lacs (red dash-dotted line) and all blazars
(black line). The dotted horizontal line indicates the luminosity of TXS 0506+056, one blazar that features an intermediate luminosity
(LTXS ' 1046.3 erg s−1; Murase et al. 2018). Right panel: The effective local number densities for different source classes. The line styles
in this panel have the same meaning as the left panel.
neutrino luminosity density for each specified source pop-
ulation. In this work, we use the luminosity functions
in combination with the luminosity weighting relation
Lν ∝ (Lph)γlw to estimate the effective number densities
neff0 for blazars, FSRQs and BL Lacs. Here, we follow the
procedure presented by Murase & Waxman (2016). For
each class of neutrino sources, we define an effective neu-
trino luminosity Leffν ∝ (Leffph)γlw using the corresponding
effective gamma-ray luminosity Leffph obtained by maxi-
mizing (Lph)
γlw(dN/dlnLph) = (Lph)
γlw+1φ(Lph, z = 0),
where φ(Lph, z = 0) is the local luminosity function of
the sources that we are interested in. Since the func-
tion (Lph)
γlw+1φ(Lph, z = 0) has a maximum around its
extreme point for each source population, we may re-
gard blazars, FSRQs and BL Lacs as “quasi-standard
candle” sources, among which the neutrino productions
are dominated by the sources distributed closely around
one certain effective luminosity Leffph. In this case, we
have justified the applicability of the equation appeared
in this section to constrain the neutrino fluxes from
blazars and the subclasses. The left panel of Figure 4
shows the effective gamma-ray luminosity densities for
all blazars (black solid line), FSRQs (blue dashed line)
and BL Lacs (red dash-dotted line). Intuitively, Leffph of
FSRQ should be larger than that of BL Lacs since FS-
RQs are more luminous than BL Lacs. Moreover, the
function (Lph)
γlw+1φ(Lph, z = 0) achieves its maximum
at higher luminosity as γlw increases, which naturally
explains the monotonic increase of Leffph(γlw). Consider-
ing that low-luminosity BL Lacs dominate the neutrino
luminosity density if the luminosity correlation is weak
(e.g., γlw ∼< 1) whereas bright FSRQs become increas-
ingly important as γlw increases, the blazar effective lu-
minosity Leffph converges to the BL Lac case when γlw is
less than 1.0 and then gradually approaches to the FSRQ
curve, as is confirmed in Figure 4. With the effective
neutrino/gamma-ray luminosity, we can write down the
effective local number density of the sources
neff0 =
1
Leffν
∫
dLphLν(Lph)φ(Lph, 0). (12)
The right panel of Figure 4 shows the effective num-
ber densities of all blazars (black solid line), FSRQs
(blue dashed line) and BL Lacs (red dash-dotted line).
As expected, BL Lacs dominate the number density
and the blazar effective number density converges to
BL Lac and FSRQ curves respectively when γlw ∼< 1.0
and γlw ∼> 2.0. Different from F(γlw) and ξz, Leffph and
neff0 does not depend sensitively on the value of Lph,min
and Lph,max in the range 0 ∼< γlw ∼< 2.5. To inter-
pret this, we need to keep in mind that the former two
quantities are determined by the integrations over Lph,
while Leffph depends only on the shape/slope of the func-
tion (Lph)
γlw+1φ(Lph, z = 0). From the left panel of
Figure 4, we find that Leffph lies roughly in the range
1043 − 1049 erg s−1 which is covered by the interval
1042 − 1050 erg s−1, the fiducial range used in our cal-
culation. Meanwhile, the integrand in equation 12 peaks
around Leffph, therefore once the peak is included, the ef-
fective number density neff0 will not vary too much as the
lower and upper bounds of the integral changes.
The above calculations provide the preliminary work
and the ingredients needed for calculating the neutrino
multiplet limits. Selecting bmqL ' 6.6 for m ≥ 2 multi-
plets and Flim ' 109.2 GeV cm−2 s−1 for an ε−2ν neutrino
spectrum, the blue dashed, red dashed-dotted and thick
black lines in the left panel of Figure 2 illustrate the neu-
trino multiplet limits for FSRQs, BL Lacs and all blazars,
respectively. The blue, red and black areas shows the cor-
responding uncertainties due to Lph,min and Lph,max, as
discussed before. From this figure we find that the all-
blazar multiplet constraint converges to the FSRQ case
at higher γlw and to the BL Lac case if γlw is less than
1.0, just as expected. We also considered the upper lim-
its for triplet or higher multiplets (m ≥ 3) by changing
the value of bmqL to 1.6. In this case, the constraints
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relax to the thin black line. This consequence can be
interpreted as the concession of allowing blazars to pro-
duce m = 2 multiplet events. So far, all calculations on
the multiplet constraints were based on the ε−2ν neutrino
spectrum, and to extend the results to a general spec-
trum, e.g., s = 2.5, detailed calculations on Flim and n
eff
0
(equation 12) are needed, and our results are conserva-
tive in this point. Therefore, in the right panel of Figure
2, only upper limits inferred from stacking analysis are
shown.
4. DISCUSSION
In this paper, we considered how two types of analyses,
namely stacking and multiplets, constrain on the contri-
bution of blazars to the cumulative neutrino flux, assum-
ing a generalized luminosity weighting Lν ∝ (Lph)γlw .
Using the gamma-ray luminosity functions for blazars,
FSRQs and BL Lacs, we estimated the ratio of the neu-
trino fluxes from Fermi-LAT-resolved blazars and from
all blazars (including unresolved ones), F(γlw), and the
effective number densities, neff0 (γlw), and the redshift evo-
lution factor, ξz, for different source classes. The joint
use of a stacking and multiplet analysis, as well as the
use of a generalized luminosity function and inclusion of
the effect of unresolved blazars, are new aspects which
distinguish this analysis from previous ones. The main
results are summarized in Figure 2. From this figure we
found that the multiplet constraints are the most im-
portant at lower values of γlw, e.g. γlw ∼< 1.0, whereas
all-blazar constraints derived from the existing stacking
upper limits are more stringent for a stronger luminos-
ity correlation, e.g., γlw ∼> 1.5. The joint consideration
of these two kinds of limits supports the extended argu-
ment that all blazars, including Fermi−unresolved ones,
are unlikely to dominate the cumulative neutrino back-
ground for a generic correlation between the neutrino
and gamma-ray luminosities, Lν ∝ (Lph)γlw , with the
index 0 ∼< γlw ∼< 2.5. Canonical blazar models, which are
physically motivated and based on the leptonic scenario,
predict γlw ∼ 1.5− 2.0 (Murase et al. 2014). Our results
suggest that the stacking constraints are the most strin-
gent for such physically motivated cases. The multiplet
and stacking limits are “complementary”, in the sense
that these methods have their own advantages in differ-
ent regimes, and in combination they provide a stronger
and tighter constraint than previously, over a wide range
of γlw, as pointed out by Murase et al. (2018). We also
found that while the multiplet constraints are weaker at
larger values of γlw they become more stringent again for
γlw ∼> 1.5 due to the rapid decrease of the effective source
density.
In this work, we focus on power-law spectra. The limits
are stringent for the neutrino flux in the 0.1 PeV range
and become weaker at higher energies. For example, neu-
trino multiplet limits are weaker if one is interested in the
origin of ∼ 1 PeV neutrinos (Murase & Waxman 2016;
Murase et al. 2018; Palladino et al. 2019). It is possible
for blazars to explain the dominant fraction of PeV neu-
trinos by introducing a lower-energy cutoff of the proton
maximum energy (Dermer et al. 2014), although neu-
trinos at 0.1 PeV and lower energies should come from
another population of the sources (e.g., Murase et al.
2019).
One of the uncertainties in this work comes primar-
ily from the selection of the lower and upper limits of
the luminosity integral, Lph,min and Lph,max. As dis-
cussed above, we showed that these uncertainties are well
controlled, and the final results are reliable if Lph,min
and Lph,max are selected in the fiducial ranges 10
40 −
1042 erg s−1 and 1050 − 1052 erg s−1, respectively. From
the joint constraints illustrated in Figure 2, we conclude
that blazars are disfavored as a dominant source of the
cumulative neutrino flux measured by IceCube for a lu-
minosity weighting Lν ∝ (Lph)γlw with 0.0 ∼< γlw ∼< 2.5.
Since different blazar models considered for explaining
the cumulative neutrino flux can be commonly charac-
terized by the correlation index γlw within this range,
our calculations on the upper limits and effective num-
ber densities would provide rather general constraints for
future studies of blazar neutrinos.
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